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Abstract——Until now, the problem on the turbulent heat transfer by free convection has been solved by
the profile method whose velocity and temperature profiles are given by experiments. In this paper,
shear stress, heat flux, and eddy diffusivity distribution are assumed using the result of forced convection
heat transfer, then the coupled partial differential equations for velocity and temperature which are
reduced to simpler forms, can be easily solved by the trial and error method. The result can be applied
for a wider range of Grashof and Prandtl numbers than that obtained from usual equations.

On transition from laminar to turbulent, a certain dimensionless criterion is proposed, which gives

the ratio of energy of mean flow and that dispersed near the wall. The same dimensionless value can be
applied for both forced and free convection.

NOMENCLATURE
thermal diffusivity [m2/h];
constant ;
drag coefficient, C,, = 81, /pu?;
heat capacity [kcal/kg°C];
gravitational acceleration;
constants;
heat flux [kcal/m?h];
temperature [°C];
velocity in x-direction [m/h];
velocity head due to buoyancy
[m/h]; uj = [gBt — t,)dx;
velocity in y-direction [m/h];
flow direction [m];
normal direction to flow [m];
shear velocity, u* = \/(t,/p) [m/h];
dimensionless velocity, u™ = u/u*;
dimensionless temperature, t* = (¢,
-ty C,gt,/qu*;
dimensionless distance, x* = u*/v;
dimensionless distance, y* = u*y/v;
Reynolds number, Re, = ux/v;
Nusselt number, Nu = ax/Ai:
Prandtl number, Pr = v/a;
Grashof number, Gr, = gx38 (t, —
to)/v?;

Ra

- Rayleigh number, Ra, = Gr,. Pr.

Greek symbols

%,

Subscripts
cri,
H,

b

(S

Y

=3

=K

117

heat-transfer coefficient [kcal/m%h
°Cl;

body expansion coefficient [ 1/°C];
specific weight [kg/m>];
boundary-layer thickness [m];

eddy diffusivity [m?/h];
dimensionless temperature ;

thermal conductivity [kcal/mh °C];
kinematic viscosity [m?/h];

density [kg/m?];

shear stress [kg/m?];

dimensionless boundary-layer thick-
ness, 1 = u*é/v.

critical ;
energy;
momentum ;
mean;
temperature ;
velocity ;
wall;



X, local ;
*, infinity.

1. INTRODUCTION

MANY papers about the free convection heat
transfer from vertical plate have been presented
because it is one of the f{undamental heat-
transfer problems, but many of them are solved
with profile method whose velocity and tem-
perature profiles are given by experiments. For
example, Eckert and Jackson [1] solved by
assuming the {ollowing velocity and temperature
profiles:

The result is given as
Nu, = 00295 Gr _Prs (1 + 0494 Pr¥)~%  (3)

As shown by Eckert, the heat-transfer mech-
anism of (ree convection has many similar
features to those of forced convection. Especi-
ally near the wall, we can assume the same turbu-
lent eddy mechanism for free and forced con-
vection because the driving force caused either
by pressure gradient or by buoyancy force, has
the same effect for the {luid near the wall.

This paper treats the {ree convection as a
special type of forced convection.

2. THEORY
First the following assumptions are made:

(i) The fluid properties are constant except lor
small change of density.

(i) The change of velocity and temperature in

the flow direction is smaller than that in the

normal direction.

The temperature of the plate is constant.

The full turbulent region starts {rom the

leading edge of plate.

(v) The eddy diffusivity for momentum &y is
equal to that for energy .

(ii)
(iv)
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(vi) The eddy diffusivity ol [ree convection of
a vertical plate is same as that of lorced
convection of a plate.

Equations for free convection are given as
follows:

Continuity equation

du Ov 0 )
a"+;"‘;’~ R (4)

Momentum equation

du du

ot
pu -+ pgPlt —t,), (5

— +
ax TP dy 0oy
Energy equation

Cpu (% + Cyv g—} = (2;;1’ (6)
If § = 0, these equations become the same as
those of forced convection. So, the problem of
free convection can be solved with the same
procedure for forced convection, if the term
pg Pt — t.) is properly treated in the equations.
As to forced convection, it is common to solve
the following equations instead of solving con-
tinuity, momentum and energy equations.

T du
—=(v+ey)+ (7)
p dy
, dt
qu'}v = ’_(a + 8") @ (8)
ey = &g =& =f(y) 9)
T=1, (10}
q="4q. (Ih

By using equations (7-11), velocity and tem-
perature profiles for the y-direction are obtained.
Then momentum and energy equations are
integrated over the boundary layer, as

s

Ty

—*p— = a u(uw - u) dy

B
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ot

g, _d
= — lut —t,)dy.
Cyy dxju( =) 4y

0

(13)

Applying above mentioned method to free
convection, the shear stress distribution must be
given by equation

% b pgit — ) =0 (14)

dy
instead ol equation (10), as equation (10} is
derived by neglecting inertia terms in the mo-
mentum equation for forced convection. Other
equations, i.e. equations (7-9) and (11), can be
applied for free convection without any cor-
rection.

Equation (14) will be integrated as

r==rw——§pgﬂu-—tm)dy (15)

because t = t,aty = 0.
Here, ugy which means accelerated velocity due
to buoyancy, is defined as

wy = Vgt — 1) dx]

Then its dimensionless term is given as

(16)

uj = ugiu* {17

= J(t./p).

Then equation (15) reduces to

where u*

(18)

Changes of shear stress 7, and heat flux q,,

in x-direction are given as

L Jgﬂ o) dy — —J
p

9w _ d _
o —ajlu(t t,,)dy.

pi
D]

(19)

(20)

Using shear velocity u*, equations (7, 8, 18, 19, 20)

c
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are converted to dimensionless forms as

T—- 1+f£
T, v/dy*

q 1 eydt?
o=+
1 f ouj?
—=1- j“a:f* dy* (23)
¥ 0

S 4

xt = -" (u;2 _ u+2)dy+
0
ot 4
= j ut(tt —t*)dy* (24)

The eddy diffusivity distribution which can be
applied to either forced or free convection is
given by the following equation.

ev =04y [l —exp(—00017y*3)]. (25)
&/v in equation (25) is proportional to 0-4 y*
at the distance of the wall, and to 0-00068 y*3 at
the vicinity of the wall. Equation (23), as a first
approximation, can be reduced as follows,
T ' u+ 2
T_ =1— /3+ dy+

(26)

w
0

which assumes u; * is proportional to x*.

Dimensionless velocity u ™, dimensionless tem-
perature t*, Grashof number Gr,, and Nusselt
number Nu, are given as follows.

o ' +2 +
Ug, t
! ‘J X (1 ‘r;;)df
[}

14+ 04y"[1 —exp(—00017 y*?)]
V]

x dy* 27
o= :[ dy”
) 1Pr+04y*[1 — exp(~ 00017 )]
(28)
ek S R
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N ax x Pr
U, =—"—="——
A tr

(30)

Equations (24, 27-30) are solved by the trial
and error method. First the value of u;2/x*
is assumed and velocity and temperature proliles
are calculated. Then the value of x* evaluated
with velocity is compared with that evaluated
with temperature. If they are not similar, a new
corrected value of u;,2*/x* is assumed. Com-
putations are done with HITAC7020E digital
computer at the University of Tokyo.
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which is divided by a certain distance where
velocity becomes half of the maximum velocity.
The ordinate is dimensionless velocity or dimen-
sionless temperature which are divided by their
maximum values respectively. Experimental
results are referred from the paper by Eckert [ 1],
so, the exact Prandtl number of experiments
cannot be known. Here, they are compared with
theoretical ones whose Prandt! number is unity.
The agreement of velocity profile is good, but
that for temperature is poor.

Figure 3 shows the comparison between the

6 {
i |b\¢/ }
4/l M =
Y 57 LA \\ Pr=|
19 @/\? \\
r B
. 2T N
st \
Jf?/ pal ™.
10 3, v \
v )/ N\
o ! \\ \\‘o
" /) /7 N XQ o)
4 N w o)
. / N\ R ‘%5:— ¢
W (o4 -, “
| A UAS
‘ % ALY\
. \
NN
0, 2 4 6 80 2 « 6 80° 2 4 6 8|0° 2 4« s 80
y{

FiG. 1. Theoretical velocity profile.

3. RESULTS

Figure 1 shows dimensionless velocity profile
u* by equation (27) for various Grashof numbers
where the Prandt! number remains unity.
Near the wall, the velocity profile becomes
asymptotic to the straight line, u* = y*. For
the larger Grashof numbers, the velocity profile
at a short distance from the wall takes the form
of pattern as that of forced convection.

Figure 2 shows the experimental velocity
and temperature profile by Griffith. The abscissa
is the dimensionless distancé from the wall,

theoretical temperature profile and experimental
ones of water which were made by Fujii [2]
very recently. The abscissa is dimensionless
distance from the wall whose definition is given
in Fig. 3. The agreement between theory and
experiment is good.

Figure 4 shows the theoretical local heat-
transfer coefficient given by equation (30) for
various Grashof and Prandt! numbers. For
lower Grashof and Prandtl number region the
above mentioned equation is no longer true,
because the flow remains laminar at the region.
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Present analysis { Pr =1)
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Fi6. 2. Comparison between experiments and theoretical
velocity and temperature profiles.

The chain line shows the proposed transition
line from laminar to turbulent. More detailed
discussion on the transition will be given in the
following section. The broken lines in the figure
refer to the approximate equation, given later.
For large Prandt! number, the Nusselt number

1121

is proportional to the 0215 power of Prandt!
number (Nu oc Pr2213), which is a smaller
power than the result by Eckert. On the other
hand, for very small Prandtl numbers, the
power becomes 0-555, which is a little larger
than that by Eckert.

Here, a simple approximate equation is
given in the form

Nu, = ¢Gr"(Pr" — L) 31)

where ¢, L, m and n are constants which are
shown in Table 1.

By assuming that the turbulent region starts
from the leading edge, the mean Nusselt number
1s given as

Nu,, = ¢' Gry(Pr" — L) (32)
where the constant ¢’ is also given in Table 1.
Figure 5 shows the comparison between
equation (32) and experimental results by
various authors [3-6]. Figure 5(a) and (b) show
the mean Nusselt number for Prandtl number
nearly one and nearly 40 respectively. Good
agreements are obtained for both cases. Figure
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F1G. 3. Temperature profile with Fujii’s experiments.
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5(c) is the result for water by Fujii et al. [7],
where the local Nusselt number is compared
with equation (31).

4. TRANSITION FROM LAMINAR
TO TURBULENT

Here, the discussion about transition from
laminar to turbulent will be done. Many
experiments show that the transition occurs
when the Rayleigh number of fluid reaches a
certain value, say 10'°. Hermann [8] showed
that the transition occurs at a certain Reynolds
number which is defined by maximum velocity
and thickness of boundary layer. Fujii [9] says
that the eddy occurs in the laminar boundary
layer first and it causes the transition to turbulent.

It.is common that Reynolds number is used
as a criterion for transition in forced convection.
For example, the critical Reynolds number of
pipe flow is about 23 x 10° ~ 10%,

Considering the laminar, transitional and the
turbulent flow region the increase ol Reynolds
number withincrease of velocity islinear. Though
the decrease of friction coefficient of C; is
almost linear in the laminar region, C; becomes
discrete in the transitional zone for the same
Reynolds number. And again in the turbulent
zone C, decreases gradually with increase of
velocity.

24
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Then, the friction coefficient can also be used
as a criterion of transition. Here, as a shear

velocity 4, is given by
u, pu? 8
-E)-Jle) @
where Cj, is coefficient, the drag shear velocity
can also be another criterion for transition.
For example lower critical Reynolds number
of pipe flow is 2300, which corresponds to
shear velocity u;” = 13-2. The shear velocity
shows the rate between mean flow energy and
dissipated energy at wall, as seen inthe expression

of equation (33).

Il one takes same criterion for free convection,

ug,, must be chosen as

+o
p = —
u*

+ _us‘?W__

Bw w*

§ pgplt, — t)dx

T

(34)

w

It shows the rate between potential energy due
to buoyancy and dissipated energy at wall.

From present theory uy, can be calculated
for various Grashof and Prandtl number as
shown in Fig. 6.
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FIG. 6. Values of ug,,.
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Chain lines in Fig. 6 show iso-Rayleigh
number curves. The figures shown in the
right hand sideare shear velocities corresponding
to Reynolds number for forced convection,
where Re, and Re,; are for plate and in-pipe
flow respectively.

Fujii showed that the Rayleigh number for
laminar to eddy turbulent was 10° by his
experiment [9]. It is interesting that the value of
corresponding ug,, is almost same that of u; for
Re,; = 2300, the lower critical Reynolds number
of pipe flow.

Figure 7 represents the experimental critical
Grashofnumber to Prandtl number. Continuous
lines are iso-ug, curves, and broken lines are
iso-Rayleigh number curves. From experimental
results, the line uj, = 160 is chosen as the
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FIG. 7. Values of uj,, at transition from laminar to turbulent.
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transition line. Critical Rayleigh number be-
comes larger Prandt! number as shown in Fig. 7.

5. CONCLUSION

The heat-transfer coefficient of free convection
from a vertical plate is evaluated theoretically
without using the profile method. The shear
stress, heat flux, and eddy diffusivity distribution
are assumed using the result of forced convection
heat transfer. The obtained velocity and tem-
perature profile and heat-transfer coefficient
agree well with experimental results given by
various authors.

On transition from laminar to turbulent, a
new criterion is proposed which gives the ratio
of energy of mean flow and that dissipated near
the wall. It can be applied for both {orced and
free convection.
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Résumé—Jusqu'a présent, le probléme du transport de chaleur turbulent en convection naturelie a été
résolu par la méthode des profils & I’aide des profils de vitesse et de température donnés par Pexpérience.
Dans cet article, la contrainte de cisaillement, le flux de chaleur et la distribution de diffusivité turbulente
sont pris en utilisant le résultat du transport de chaleur par convection forcée. Les équations aux dérivées
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partielles couplées pour la vitesse et la température qui sont ramenées A des formes plus simples, peuvent
étre facilement résolues par la méthode des essais et corrections successifs. Le résultat peut étre appliqué
pour une gamme de nombres de Grashof et de Prandtl plus large que celle obtenue a partir des équations
habituelles.

Pour la transition du laminaire au turbulent, on propose un certain critére sans dimensions, qui donne le
rapport de I’énergie de ’écoulement moyen 4 celle dissipée prés de la paroi.
" Le méme nombre sans dimensions peut étre appliqué a la fois a la convection forcée et A la convection

naturelle.

Zusammenfassung—Bis heute wurde das Problem des turbulenten Warmeiibergangs durch freie Kon-
vektion mit Hilfe der Profilmethode geldst, wobei die Geschwindigkeits- und Temperaturprofile aus Ver-
suchen erhalten wurden. In dieser Arbeit werden Schubspannung, Wirmestromdichte und turbulen‘er
Austauschgrad auf Grund der Ergebnisse fiir den Wirmeiibergang bei Zwangskonvektion angenommen,
worauf die gekoppelten partiellen Differentialgleichungen fiir die Geschwindigkeit und die Temperatur,
die auf einfachere Formen reduziert wurden, leicht durch Probieren gelost werden kdnnen. Die Ergebnisse
konnen auf einen grésseren Bereich von Grashof- und Prandtl-Zahlen angewandt werden, als jene die
nach den herkdmmlichen Gleichungen erhalten wurden.

Fiir den Umschlag von laminar nach turbulent wird ein dimensionsloses Kriterium vorgeschlagen,
welches das Verhalten der Energie der Mittelstrémung zu jener nahe der Wand angibt. Der gleiche dimen-

sionslose Wert kann fiir erzwungene und freie Konvektion verwendet werden.

Anoranua—/lo HacToALIEro BpeMeHH 3afaYa O TypOyJeHTHOM Temsioo0MeHe MpH INCBOGO-
AHOM KOHBEKI[MM PelIajiach UHTETPATLHHMM METONAMHU, a POPHIH CKOPOCTH M TEMIIEPAaTypH
ONpeNeNANNCh 3JKCHEPNMEHTaNIbHO. B maHHOK craThe NPUHMMAIOTCA pacnpefeNeHHd
KacaTeJbHOT'0 HANPsKeud, TeMIOBOro NoToKa u 1ypOyientHoit quddysun B COOTBETCTBMH C
pe3yJbTaTaMu N0 Tenjo6MeHY NpHM BHHY#AeHHoON KouBexuuu. Ilpum asroM MeromoM mnpob
n OmMOGOK MOMHO JIErKO pemuTh cucTeMy HAuddepeHnMalbHHX YPaBHEHMH B YACTHBIX
NMPOM3BOAHMX J[JIA CKOPOCTH M TeMmIlepaTypHl, 3alMCAHHHX B Gojee mpocroit dopme. IDTOT
MONXOJ MOMHO NPUMEHHMTh AJIA Oojlee INMPOKOrO AMAIa3oHAa M3MeHeHMA 4Mcea ['pacroda
o IIpanpras, yeM pesyubraT pemeHud OOLYHHX ypaBHEHHIt,

IIpn nepexoge Or JaMMHApHOTO peuMa K TypOyNeHTHOMY BBOAMTCA OespasMepHult
pHTEepuil, KOTOPHA NpPEACTABIAET OTHOIIEHWE DHEPrMH OCHOBHOrO NOTOKA K DHEPrUH
BOJIM3M CTeHKM. JTY ke 6e3pasMepHYi0 BeIMYMHY MOMKHO PUMEHNTH KAK AJA BHHYMIACHHON,

TaK ¥ cBOOOAHON KOHBEKIMH.
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